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On Certain Properties of the Plane Cubic Curve in 
Relation to the Circular Points at Infinity. 

By R. a. Roberts. 



Part I. — On some Methods of Generating the Plane Cubic Curve. 

I propose to investigate here some methods of generating a plane cubic 
curve. I begin by obtaining the cubic as a locus of a point P as follows : If 
perpendiculars be drawn from P on the sides of a given triangle, then the circle 
passing through the feet of these perpendiculars cuts orthogonally a fixed circle. 
A triangle involves six constants and a circle three, so that we have nine con- 
stants, which is the number involved in the equation of the general cubic. 

I observe that if we describe the conic with P as a focus and touching the 
sides of the triangle, then the circle passing through the feet of the perpendicu- 
lars from P on the sides of the triangle is the circle described on the transverse 
axis of the conic as diameter. Using trilinear coordinates and expressing that 
the product of the perpendiculars from the foci on a tangent is constant, we get 
the tangential equation of the conic in the form 

{la + (il3 + ry)(Aa' + ix(3' + vy<) 

— B^ (1^ + (i^ + v^ — 2^v cos A — 2vX cos B — 2?.(i cos C) = . (1) 

Now, if this conic touch the sides of the triangle, the coefficients of ;i^, fx^, v^ 
must vanish. We thus have aa' = /?/3' = yj'' = -B^. Hence, the tangential equa- 
tion of the conic touching the lines a, (3, y and having the points a, ^, y as a 
focus, is 

a {^^ + y^+ 2(Sy cos A)(iv + ^ {y^ + a^ + 2ya cos B) vX 

-fy(a^+(S'-f 2aiScos<7);i,u = 0. (2) 

I now obtain the equation of the director circle of this conic. The coordinates 
X, fi, V are proportional to ami, ^°^2» ^^s respectively, where a, b, c are the sides 
of the triangle and t»i, wg, w^ are the perpendiculars from the vertices of the 



86 Roberts : On Certain Properties of the Plane Ouhic Curve 

triangle on a line. Making this substitution, and putting t»i =.p — jcj cos a 
— yi sin o, tjjj = etc., and then putting ^ = a; cos « + «/ sin o for the tangents 
drawn to the conic (2) from x, y, we get an equation determining the directions 
of those tangents. Putting the sum of the coefficients of cos^ a and sin^ u equal 
to nothing, we get the condition that the tangents drawn to the conic from x, y 
should be at right angles to each other ; that is, the condition that x , y should 
lie on the director circle of the conic. We have, then, for the equation of the 
director circle, 

S = bca {(3^ + y^+ 2^y cos A) Si + ca(3 {f + a^ + 'iya cos B) S^ 

+ aby (a^ + ^^ + 2a^ cos (7) /% = o , (3) 

where ^Si, S.^, Sg are the circles described on the three sides as diameters respec- 
tively, viz. : Si={x — xz)(x — xs) + (y — y^{y — ys) , etc. 

Taking the origin of the Cartesian coordinates at the centre of the conic, we 
may write 

S={aa + bl3 + cy){a^y + by a + ca^){x^ +f — A^ — B^) , 

where A , B are the principal semiaxes of the conic ; that is, 

8= 2A2 {m? ^f — ^— W), (4) 

where A is the area of the triangle and 2 = a^y + bya + ca.^ , so that 2 = is 
the equation of the circumscribing circle. Again, let one focus satisfy the equa- 

^2 ^2 ^3 

tion aa + 6/3 + cy = 2A, then, substituting — , -^ , for a, ^, y respec- 
tively, we have 

B^X=2Aa^y. (5) 

Hence, from (4) we get 

S + 4A^a^y — 2A2 {a^ + f — A') • (6) 

But x^ ■\- y^ — J.^ ^ is the circle described on the transverse axis of the conic 
as diameter ; that is, the circle passing through the feet of the perpendiculars 
from a, /?, y on the sides of the triangle. Now, if this circle cut orthogonally 
a fixed circle, its coefficients are connected by a linear relation. Hence, expres- 
sing that the coefficients of /S* -}- 4A^a^y are connected by a linear relation, we 
have 

La (|3^ + / -f- 2^y cos A) + M3 (/ + a^ -f- 2ya cos B) 

+ Ny (a^ + |6?' -f- 2ai5 cos G) + 2Pa^y = , (7) 
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where L, M, N, P are constants determining the position of the fixed circle. It- 
may be observed that 

L=zhc{S^-¥), M=ca{S^—J<?), N=ah{Ss—'l^), P = 2A^, (8) 

where Jc is the radius of the fixed circle, and S^, S-^, JS3 are the squares of the 
tangents drawn from the centre of the fixed circle to the circles described on the 
sides of the triangles as diameters respectively. Now, (7) represents a cubic 
passing through the vertices of the triangle, so that the points where the curve 
meets the sides again lie on a line, viz. : 

Mm + NL^ + LMy = S = 0. (9) 

The curve (7), then, can be written in the form 

3 {MNI3y + NLya + LMa^) + \ 2LMN{L cos A ->r M aos B -^ N cos C -\- P) 

— M'N' — N'L' — L'M'\ a^Y = 0. (10) 

so that, dividing by a^yB , the curve is of the form 

J_ + ^ + JL + ^ = o, (11) 

a p y ^ 

where I, m, n, p are constants. Now, I observe that the Hessian of the cubic 

Aixl + A<xl-\-A«l + Aii4=(>, (12) 

where Ai, A^, A3, J.4 are constants and Xi-{-Xi + Xs-\- x^ = identically is 

' +-Ar + A + -Ar = 0' (12) 



AiXi A^x^ AgXs A^Xi 

and that corresponding points on the latter cubic are connected by the relations 
AiXi x'l = A^x^ x'z = J.3 Xz x'i = J.4 Xix[, (13) 

We see thus that points on the cubic (7) such that aa' == /?/?' = yy', viz., foci of 

the conic (2) are corresponding points on the curve, namely, points such that the 

tangents thereat intersect on the cubic. Now, the cubic (7) is the Hessian of a 

cubic of the form 

MNa? + NL^^ + LMf +eh'=0, (14) 

so that the polar line, that is, the pole of one point with regard to the polar 
conic of the other, of the circular points, for which aa' = /?/3' = yy' is ^ = , viz., 
the line passing through the three points on the curve corresponding to the ver- 
tices of the triangle. Now, there are three cubics of which a given cubic is the 



88 Roberts : On Certain Properties of the Plane Cubic Curve 

Hessian, corresponding to the three systems of corresponding points, so that the 
cubic can be written in the form (7) in three ways. Thus the cubic can be gene- 
rated in the manner described in three ways, 

A general circular cubic cannot be generated in this manner. For, if the 
cubic (7) is circular, P = o ; but then the circular points are corresponding 
points on the curve ; that is, the double focus of the curve is on itself. In such a 
case the circle passing through the feet of the perpendiculars has its centre on a 
fixed line instead of cutting a fixed circle orthogonally, as is evident from the 
fact that the conic (2) then touches another fixed line. The cubic is then the 
locus of a point P such that the feet of the perpendiculars from P on the sides 
of a quadrilateral lie on a circle. 

If the fixed circle satisfy a certain relation, the locus breaks up into a conic 
passing through the vertices of the triangle and a right line. This relation is, 
from (10), 

2LMNP = M'N' + N'L' + L^^— 2LMN{L cosA + McosB+N cos C) ; 

that is, from (8), 

4A' {S, - F)(^, - ¥){Ss -¥) = a' {S, - ¥){S, - T^){8, - iS,){S,--S,) 

+ ^{S,-¥){S,-¥){S,-S,){S,-S,). (15) 

Hence, selecting any given point as centre, we have a cubic for P, so that three 
circles satisfying the condition are determined. Again, I observe that if the 
cubic (7) has a node, that point is situated at the centre of one of the circles 
touching the sides of the triangle ; for instance, for the centre of the inscribed 
circle the cubic is 

La (^ - yf + M^{y — af + Ny{a — ^y=0, (16) 

so that, from (8), the fixed circle then satisfies the condition 

1 (5 + c — a){G + a — h){a + b ~ c) + {b-\-c — a) S^ 

+ {c + a — b) S^ + {a + b — c) Ss— Ji? {a + b + c) = , (17) 

that is, it must cut orthogonally the inscribed circle, as it can easily be proved 
that the result of putting ^ = in (17) gives the equation of the inscribed circle. 
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I now proceed to show that the same cubic can be generated if the circle 

;j^ + y^=^A^ + B'-m& (18) 

cut orthogonally a fixed circle. 

We have from (4) , 

S= 2A2 («' -\-y^ — A' — B^), 
where, from (3), S= hca (/3^ + y^ + 2/3y cos A) + ca^ {y^ + a^ + 2ya cos B) 

+ ahy (a^ + ^^ + 2a^ cos G) ; 

also from (5), B^X = 2Aa(3y, where X = a^y + bya + ca/3. Hence, 

S + 4»iAVr = 2A2 Ix"" -\- y^ — A^ — B^ + mB") , (19) 

so that to express that (18) cuts a fixed circle orthogonally, we write down a 
linear relation connecting the coefficients of the circle /S + 4mA%^y = , when 
we obtain a cubic of the form (7), where 

L=bc{jSi — P), M=ca{_8^-1i), N=ah{S^ — ¥), P = 2mA\ (20) 

From these equations it is easy to see that, if m be considered indeterminate, the 
fixed circle is not necessarily given, but may be replaced by any other circle 
passing through two given points, its centre lying on the line 

La (jS, — Ss + Mb {Ss - /Si) + Nc {Si —S,)=0. (21) 

Hence, making the radius vanish, we have from (20), 

_~L — "^ — ^3 /90\ 

i:^~Mb~Nc' ^"^"^^ 

which determines two points mutually inverse with regard to the polar circle of 
the triangle, as the latter circle is the Jacobian circle ot Si, S^, S^. We see thus 
that two circles of the system (18) can be determined, that is, two constant 
values of m can be assigned, so that the circle (19) passes through a fixed point. 
Again, if a certain condition be satisfied by the fixed circle similar to (15), the 
cubic breaks up into a line and a conic. This condition, corresponding to a 
given line, supplies a relation connecting m with the fixed circle. 

Suppose wi = 2, then the circle (18) is x^ + y^=: A^ — B^, that is, it is the 
circle described on the line joining the foci of the conic as diameter. Express- 
ing then that S + ^A^a(3y cuts a fixed circle orthogonally, we obtain a general 
cubic of the form (7). Now, the foci of the conic are corresponding points on the 
cubic, so that we see that the circle described on the line joining a pair of cor- 
12 
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responding points as diameter cuts orthogonally a fixed circle. This can be 
proved otherwise thus : A pair of corresponding points on the curve are conju- 
gate with regard to all the polar conies of the cubic of which the given curve 
is the Hessian. Now, the equation of the polar conies being of the form 
Wi ■{■ mU^ -^ nUz^=- .0 , one of the system is a circle. But when two points are 
conjugate with regard to a circle, U say, the circle described on the line joining 
them as diameter cuts U orthogonally. In the particular case, it may be 
observed, when the Cayleyan has a focus on the cubic, at P say, that is, when U 
breaks up into factors, all the pairs of corresponding points subtend right angles 
at P. 

I now proceed to find the locus of the centre of the conic (2), when the 
circle described on the transverse axis as diameter cuts orthogonally a fixed 
circle, or, in other words, the locus of the middle point of pairs of corresponding 
points on a given cubic. From the first point of view, as I shall show, this may 
be considered as another method of generating a general cubic. Let a , 5 be half 
the principal axes of the conic, and a, (S, y the perpendiculars from the centre 
on the sides of the triangle. Then 

a« = a^ cos^ {e — a) + b^ sin^ (O — a), (23) 

and similar values for ^, y, where a, /?, 7, 6 are the angles which the perpen- 
diculars and the axis major make with a fixed line respectively. Eliminating 
6 and b , we obtain 

sin AV (a^ — a^) + sin BV {a^ — ^^) -f sin GV (a^ — /) = , ( 24) 

where A, B, Care the angles of the triangle. Now, if the circle described on 
the axis major as diameter cuts orthogonally a circle S = x^ + y^ + etc., we 
have a^ = /S, so that (24) becomes 

sin As/ {S—a') + sin i?V {S — (3') + sin CV {S—y') = 0, (25) 

which, at first sight, appears to represent a quartic, but, being divisible by the 
line at infinity, reduces to a cubic, as S — a^, S — /8^ S — y^ are easily seen to 
be parabolse. The cubic (25) is, in fact, the envelope of the conic 

l{S-a^) + m{S—l3')+n{S—y') = 0, (26) 

subject to the condition that it is a parabola, viz. : 

mn sin^ A-{-nl sin^ B + Im sin^ (7 = . (27) 
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We can obtain the equation of this cubic in another form, thus : Eliminating B 
and a from (23), we get 

sin As/ {a? — V) + sin 5 V {^ — W) + sin CV (y' — W) = 0, (27) 

then, observing that, since the director circle of the conic cuts orthogonally the 
polar circle P of the triangle, we have a^ + 6^= P, so that if S — P= S, 
namely, the radical axis of S and P, we get 

sin AV{a^ + ^) + sin 5V(/3' + 8) + sin CV{y' + ^) = 0, (28) 

which, being divisible by the line at infinity, represents a cubic. This curve, it 
may be observed, passes through the points where the lines joining the middle 
points of the sides meet the circle jS and the radical axis of S and P. 

Projecting, we find that the polar of a fixed line with regard to J., ^ is a 
cubic, where A, B are corresponding points on a given cubic. 

In the case of the circular cubic, we may find the locus of the middle point 
of corresponding points thus : Let the curve be 

Iv {u^ + (f) + mu {v^ + c^) + n {v? + t^) + 2pwv = , (29) 

where u, v are circular coordinates, then corresponding points are such that 
ui^ =:vv' =■ <?. Hence, for the middle point of corresponding points we may 
write 

2m = tt' + -^ , 2« = «' + 4- . (30) 

where «t', »' lie on (29). Hence, we obtain 

(lu+mv + -^uv^p y= ^ iu'> — c'X^ - c«) , (31) 

which represents a circular cubic with the points u^ = ^^ = c^ as foci. Thus the 
locus (31) is the transformation of the given curve (29) by a substitution (30) 
in which angles are preserved. The substitution is, in fact, a transformation 
from polar to elliptic coordinates, viz. : 

r = (i+ Vifi^ — c"), ccose = v, (32) 

where cx = (iv, cy = s/ {{^i^ — (?){<^ — v^)'\ , (33) 

and r, 6 are polar coordinates. It may be observed that the anharmonic func- 
tion of the locus can be expressed in terms of the similar function for the given 
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curve. For it is easy to see that the values of m corresponding to the foci of (29) 
are given by an equation of the form 

{v? + c^ — ^u){u^ + (»— 2l3u) = , (34) 

so that the foci of (31) are given by 

{u-a){u-l3){u'—(P)=0, (35) 

but the anharmonic functions of both these biquadratics are expressible in terras 

If « = in (29), the double focus is at the origin on the curve, and the locus 

(31) reduces to the right line 

lu+mv+p = 0, (36) 

as we have seen already otherwise. That is, when the cubic is not circular, the 
locus reduces to a right line, if two asymptotes intersect on the curve. 

I now proceed to show what geometrical relations are satisfied when a focus 
of the conic (2) lies on a general cubic passing through the vertices of the 
triangle of reference. Let A be the area of the triangle formed by the foci 
P, P of the conic and a fixed point a', ^', y' ; then A is proportional to 

il z_ z. 

a ' 13 ' r 

a' , ^' , / 

where 

F= a'a (^ — f) + ^'^ (y' - a^) + y'y (a^ — ^) . (37) 

Again, let t be the length of the tangent drawn from a fixed point to the 
circle passing through the feet of perpendiculars from P on the sides of the 
triangle of reference, then, if we have 

f —1^z='k6., (38) 

where Tc and % are constants, we see from (7) and (37) that the locus of P is 

Im (/3^ + y' + 2py cos A) + M^ {y^ + a^ + 27a cos B) 

Ny {a? + iS^ + 2ai8 cos C) + 2Pa^y + ;i' F= , (39) 

and this obviously represents a cubic circumscribing the triangle and satis- 
fying no further relation with it, for we have six constants at our disposal. 



a/3y 
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namely, k, A and the fom- depending upon the two fixed points. The locus of 

the other focus is evidently obtained by changing the sign of V in (39), as F 

Y 

becomes — ^^ ^ when we substitute for a, /S, y their reciprocals. This mode of 

generation of the cubic holds also if we substitute the circle described on PP' as 
diameter for the circle passing through the feet of the perpendiculars from P ; in 
fact, we might substitute any circle of the system (19). 

If we want to generate a circular cubic we should take P = in (39) and 
make Fpass through the circular points. The first condition makes the circle 
the director circle of the conic (2), and the second requires that the point a', /3', y' 
should be at infinity. Thus the relation (38) becomes t^ — F = /l5, (40), where t 
is the length of the tangent drawn from a fixed point to the director circle of the 
conic and $ is the projection of PP on a fixed line. It may be observed that 
k may be made to vanish in (40) without loss of generality. A general circu- 
lar cubic is also generated when the circle described on PP' as diameter cuts 
a given line at an angle whose cosine is proportional to the cosine of the angle 
between PP' and a fixed direction. Similarly, a general cubic is generated when 
the circle on PP' as diameter meets a given circle at an angle ^, so that cos ^ is 
proportional to the perpendicular from a fixed point on PP'. 

It may be worth while considering the case in which the two fixed points 
involved in (38) coincide for the circle described on PP as diameter. It is easy 
to see then that the cubic is the locus of the focus P of a conic touching the sides 
of a triangle, subject to the condition that the circle described through the foci 
P, P' so as to contain a given angle, cuts orthogonally a fixed circle. The equa- 
tion of the locus is found to be 

-^ {{^' + f) GosA+ 2i3y\ + -^ {(/ + »') «os B + 2ya[ 
sm -a. ' ^ sm B ' 

+ 4^ |(a^ + 3') cos C+ 2a3\ 
sin 6 ' 

- oz? ■^^'a~^1 ■ n i^ sinA + BsiuB + y sin G) 
2B sm J. sm ^ sm C7 ^ ' ^ 

X (j5y sin A + ya sinB -{• a/3 sin O) 

+ m \a'a{l3^ — f) + ^'^ (/ — a') y'y {a' — (3')\ = 0, (41) 

where a', /?', y' are the coordinates of the centre of the fixed circle, S' is the 
square of the tangent drawn from its centre to the circumscribing circle, and k is 
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its radius, while m is the cotangent of the given angle. This form (41) contains 
ten constants, so that a cubic can be generated in this manner in a singly infinite 
number of ways. If ^5= 0, the foci P, P' subtend a constant angle at a fixed 
point, and the equation (41) then involving nine constants, the cubic can be 
generated in this manner in a finite number of ways. 

I observe that a circular cubic can be written in the form (29) in three ways, 
the origin in each case being one of the points corresponding to the real point at 
infinity. In connection with this form, I proceed to investigate a mode of gene- 
ration of the curve. Taking rectangular Cartesian coordinates and writing a 
conic referred to its principal axes in the form 

the equation of the circle passing through x', y' and the points of contact of the 
tangents drawn from x', y' to jS =^ is 

+ <'(^-f) = »' (^^» 

where ^ ■=■ c? — &*. 

Hence, if this circle cut orthogonally the fixed circle 

a;« + 2/3 — 2aa5 — 2/3^ + F = , (44) 

the locus of a:', y' is 

TJ= ^ {x' + y^+<?) + -^ i^J^f-^)-iT^ + c^) ^ 



,3 



-(F-c^)-|L=0, (45) 

which, it is easy to see, is of the same form as (29). There is no loss of gene- 
rality in making the radius of (44) vanish, in which case the circle (43) passes 
through a fixed point. In that case, the cubic is the locus of the six vertices of a 
quadrilateral circumscribed about the conic, the lines drawn from the fixed point 
(44) to the four points of contact all making the same angle with the conic. 

If the polar circle of the triangle formed by the tangents from P and their 
chord of contact cuts orthogonally a fixed circle, the locus of P is a cubic with 
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two rectangular asymptotes. For the equation of the polar circle is 

-^(f+V-^)y + a' + V^^x'-+'^r^O, (46) 
and if this cuts the circle (44) orthogonally, the locus of x\ y' is 



2(a' + &')(^i--^)+a' + 6' = 0. (47) 



We can now generate the general cubic by means of these results, (45) 
and (47). Let 8 denote the circle (43) circumscribing the triangle formed 
by the tangents from P and their chord of contact, and let P denote the polar 
circle (46) of the same triangle, then let 2 = mS + nP = ; that is, let 2 be a 
circle coaxial with S and P and with its centre dividing in a constant ratio, the 
line joining the centres of S and P. Now let 2 cut the given circle (44) orthogo- 
nally, then the locus of P (as', y') is the general cubic mU + nV= 0. 

I now proceed to consider another method of generating a cubic curve. Let 
us consider a circle passing through points on the sides of a triangle so that the 
lines joining them to the opposite vertices form two sets of three concurrent lines, 
which, it is to be observed, is only equivalent to a single condition. Using areal 
coordinates, the equation 

{x -\- y ■}- z){U'x + mm'y +nn 'z) = Jc (a^yz + Wzx + G^xy) (48) 

represents a circle. Making this identical with 
ll'x^ + mm'y^ + «**'2^ — C*'*^' + tnln) yz — {nl' + n'l) zx — {Im' + I'm) xy = 0, (49) 

where the lines joining the vertices to the intersections with the opposite sides 
are Ix — my = 0, I'x — m'y, etc., intersecting in the points mn, nl, Im ; 
m'n', n'l', I'm' respectively, say these are P, P', so that I , m, n ; I', m', n' are the 
coordinates of points inverse to P, P with regard to the triangle of reference, 
we obtain 

(m + n){m! + n!) — Jca\ (n + l){n' + I') = h¥, {I + m.){l' + m!) = M, (50) 
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so that (48) becomes 

(a; + 2/ + 2)|a^ (? + m){l ^-n)A + V{m-\- l){m + n) B^<»{n-^ l){n -\- m) C\ 

= 2{m + n){n + l){l + m){a^yz + Wzx + (?xy) , (51) 

where A = my-\-nz — Ix, B=lx-\-nz — my, C=lx + my — nz. 

Now, expressing that this circle (51) cuts orthogonally a given circle, we 
get a linear solution connecting the coefficients. We thus have a relation of 
the third degree connecting I, m, n, so that the inverse points of P, P' with 
regard to the triangle lie on a cubic circumscribing the triangle Z + m = , 
Z + n = 0, m + n= 0, so that the points where it meets the sides again lie on a 
line. And it may be observed that the two points are corresponding points of 
the cubic. Now the triangle of reference involves six constants and the given 
circle involves three, so that we have the nine constants involved in a general 
cubic. 

I now consider Grassman's method of generating a cubic. Let us consider 
two triangles whose vertices are A, B, C, A', B', O respectively; then, if the 
lines joining P to A, B, meet B'C, C'A!, A'B' in three coUinear points, then 
the locus of P is the cubic 

where 2A is the area of ABC and jp^, p^, pg are the perpendiculars from A, B , C 
respectively on B' C, C'A', A'B'. This cubic circumscribes the two triangles and 
furthermore passes through the intersection of corresponding sides, viz., the 
points AB, A'B', etc. From the latter fact it can be readily deduced by means 
of the arguments, viz., the elliptic integrals which correspond to points on the 
curve, that A', B', O must be corresponding points to A, B, (7 of the same sys- 
tem. Now, we know otherwise that the lines joining a point P of the curve to 
three pairs of corresponding points are in involution, so that in the same case 
the cubic can be written 

A C. BA'. CB' = AB'. BC. CA', (53) 

where AC, etc., mean the areas of the triangles PAC, etc. Hence, when the 
curve is circular, we can find two relations connecting the two triangles. For, if 
we have the cubic ajSy = hhst,, then substituting the coordinates of the circular 
points, we get k=.\, a4-/5+y=^+e+^, where a is the angle which a makes with 
a fixed line, etc., so that (53) gives AO.BA. CB'= AB'.BC. CA', where AC is 
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the length of the line joining A, O, etc. Also, the sum of the angles between 
AG' and GA', BA' and AB', and GB' and BG' vanishes. Again, if the lines 
joining P to A, B, G respectively meet B'G', G'A', A'B' in three points which 
form a triangle of given area M, the locus of P is the cubic 

U= 2M{a' -p,){^'-.p,){y'-p,), (54) 

where ZJ is the cubic (5 2). This represents a cubic passing through the points 
A, B, G. 

Again, I consider a system of quadrilaterals with a given triangle of centres, 
and I seek the locus of the vertices when the circle passing through three of them 
cuts orthogonally a given circle. Taking the triangle of centres as the triangle 
of reference", and using areal coordinates, the equation of a circle is 

(« + 2^ + z){lx + my + nz) = a^ cot A + y^ cot B + z^ cot G, 

and expressing that this circle passes through the points — x', y', z' ; a;', — y', z' ; 
sd, if, — z', its equation becomes 

(a/' cot J. + y cot 5 + z'" cot €){x + y + z){{y' + 2' — jc') x 

+ (s' + a/ - y>) y + {x! + j/ -z<)z\ 
= (y + 2'— «')(«'+ ^'— 2/0(ic'+ y'— s')(«^ cot A + y^coiB + ^ cot G) . (55) 

Hence, we see that if this circle cuts orthogonally a fixed circle, the locus of the 
fourth vertex (a;', y', z!) of the quadrilateral is a general cubic curve passing 
through the six imaginary points where the lines joining the middle points of 
the sides of the triangle of centres meet the polar circle. Also, the locus of one 
of the three vertices is a circular cubic passing through the four points where 
two of the lines joining the middle points of the sides meet the polar circle. We 
thus have as loci of the vertices of the quadrilateral one general cubic and three 
circular cubics. 

I consider here now a locus connected with the cubic. Let AB be a chord 
of the cubic perpendicular to an asymptote, and let a, ^ , y he the coordinates of 
a point P with regard to the triangle A, B, G, where G is the point at infinity 
on the same asymptote, then the equation of the cubic can be written 

(la + m^) y' + a/3 (I'a + w'/3) + y (aa' -\- b^' + ha^) = 0. (56) 

Now, if a', /?', y' are the coordinates of the intersection of the perpendiculars 
of the triangle PAB, it can easily be shown that a^' = /3a' = yy'. Hence, the 
13 
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locus of the intersection of the perpendiculars of the triangle ABP is the cubic 
a(i {la + TO/3) + f {I'a + w'/3) + y {aa^ + b^' + ha^) = , (57) 

intersecting the given cubic at the point at infinity C and at six points on the 
circle y^ — a/3 = 0, namely, the circle described on AB as diameter. Let 1 = 1', 
m = ml, then the cubic has, it is easy to see, two mutually perpendicular asymp- 
totes, and the intersection of perpendiculars of the triangle PAB lies on the 
curve. 

Further, I note the following generation of a cubic. Given the base AB of 
a triangle, if a point P dividing in a given ratio the line joining the centre of 
the circumscribed circle and the intersection of the perpendiculars lies on a hyper- 
bola with an asymptote perpendicular to AB, then the locus of the vertex C is a 
cubic such that AB is a chord of the cubic perpendicular to an asymptote at the 
finite point where that asymptote meets the curve. 

Taking the axis as the base, and perpendicular to it at the middle point, 
the coordinates of the point P are given by 

mxl m {x'' + y''' — c?) -{■ 2n (c^ — a;'") , .„v 

*'~^rT^' ^ ■ 2y' {m + n) ' ' '' 

where x', y' are the coordinates of the vertex and m/n is the given ratio. Hence, 

if P lies on a hyperbola with an -asymptote perpendicular to AB , the locus of P 

is the cubic 

\my^ + (m — 2n){a? — c^)\{Ax + B) + y {Oi>^ -{. Dx + JS), (59) 

which is such that A, B are two points on the curve on a perpendicular to the 
asymptote Ax -{- B ^ , where it meets the curve. 

MiDDLETOWN, N. Y. 



